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MAT 310/311E

INSTRUCTIONS TO CANDIDATES

i.  Answer ALL Questions from section A and any THREE from section B.

Ii. Do not write on the question paper.

SECTION A (31 Marks)

Answer ALL questions from this section.

Question One (16 Marks)

a) Prove that the constant function f(x) = 1 on [0,1] is Riemann integrable and jol ldx = 1.

(6 Marks)
b) Define the following terms
1) Continuous function
11) Uniform continuity
1) Riemann integral (6 Marks)
f) Show that the improper integral IQM dx converges. (4 Marks)

0 x3+1

Question Two (15 Marks)
a) Let f:[0,00) — R be a function defined by f(x) = v/x. Show that f is continuous on [0, ).
(5 Marks)
b) Show that the sequence f,, (x) = x" converges pointwise on [0,1] but not uniformly on [0,1].
: (5 Marks)
¢) Let f: R — R be defined by f(x) = x*. Show that L;_Er; flx)= LI_TE x? =c?. (5 Marks)

SECTION B (39 Marks)

Answer any THREE questions from this section.

Question Three (13 Marks)
a) Let{f,} be a sequence of continuous functions f,: S — R converging uniformly to f: S — R.
Prove that f 1s continuous. (8 Marks)

b) Prove thatif f:] — R be differentiable at ¢ € [, then 1t is continuous at c. (5 Marks)
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Question Four (13 Marks)
a) Prove that a continuous function f: [a, b] — R on a compact interval 1s Riemann integrable.
(10 Marks)

b) Prove that the function f(x) = Vx is differentiable for x > 0. (3 Marks)

Question Five (13 Marks)

a) Show that a monotonic increasing function f: [a,b] — R on a compact interval is Riemann

integrable. (9 Marks)
b) Prove that series ), nx™ converges to (1—1»:)2 i C=1.1), (4 Marks)
Question Six (13 Marks)
a) Let flx) = ;r\lj Show that lim f(x) = 0and lim f(x) =0 (4 Marks)
2 x— 00 xX——00

b) Let f:[a, b] — R be a continuous function. Show that f 1s uniformly continuous. (9 Marks)

Question Seven (13 Marks)
a) Let f,,: S — K be bounded functions. Prove that {f,} is Cauchy in the uniform norm if and only

if there exists an f: S — R and {f,,} converges uniformly to f. (8 Marks)
b) Let f:(0,1) — R be a function defined by f(x) = )—]{ Show that 1t is not uniformly continuous.

(5 Marks)
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