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12 MAT 415E

REGULAR - MAIN EXAM
MAT 415E DIFFERENTIAL GEOMETRY

STREAM: BED (Arts/Science) DURATION: 3 Hours
INSTRUCTIONS TO CANDIDATES
i.  Answer ALL Questions from section A and any THREE from section B.

ii. Do not write on the question paper.

SECTION A (31 Marks)
Answer ALL questions in this section.
Question One (16 Marks)
a) Show that x = te, + (t? + 1)e, + (t — 1)es is a regular representation for all ¢ and find the

projections onto the x;x; and x; x3 planes. (6 Marks)

b) Compute the length of the arc x = 3(cos 2t)e; + 3(sinh 2t)e; + 6e3, 0 < t < m. (4 Marks)

c¢) Find the equations of the tangent line and normal plane to the curve x = (1 + t)e; — t%e, +
(1+t}egatt =1. (4 Marks)

d) Whatis a regular curve? (2 Marks)

Question Two (15 Marks)

a) Find the curvature vector k and curvature |k| on the curve x = te; + %tzez - §t3e3 at the

pointt = 1. (5 Marks)
b) Show that the mapping x = u?e; + uve, + ve; is a coordinate patch of class C* on the first
quadrantu > 0,v > 0. (5 Marks)

c) Letx = x(u,v)and x = x*(68, ¢) be coordinate patches on a simple surface S defined on open
sets U and U* respectively and having overlapping images G and G* on S. Let W and W* be
the subsets of U and U* respectively which map onto G N G*. Show that W and W* are open

sets in their respective parameter planes. (5 Marks)

SECTION B (39 Marks)
Answer any THREE questions.
Question Three (13 Marks)
a) Prove that f(x) is continuous at x, if f(x) is differentiable at x,. (6 Marks)

b) Find the derivative of f(x) = (x;sinx;)e; + (x;sinx;)e; in the direction u, = (%) e, +

(&)ezatxo=(G)es+()ea (4 Marks)
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c) If lim f(x) = f(x,), show that fis continuous at x,. (3 Marks)
X=Xg
Question Four (13 Marks)
a) Determine the rank and image of the linear mapping. (4 Marks)
Y1 = 2x, + x;
Y2 = —4x1 — 2x;
Y3 = —2X1 — Xz
b) Show that the points on the helix x = a(cost)e; + a(sint)e, + btes at which the
osculating plane pass through a fixed point are confined to a plane. (5 Marks)

¢) Find the intersection of the x,x, plane and the tangent lines to the helix x =
(cost)e; + (sint)e, + tes (t > 0). (4 Marks)

Question Five (13 Marks)

a) Show that x = %(s +VsZ+1)e +§(s +Vs? + 1)_1e2 + %\/E(log(s +Vs2+1))e; is

a natural representation, that is Eﬂ = 1. (6 Marks)

b) Show that the arc x = t%e; + sinte,, 0 < t < T/, is rectifiable. (7 Marks)
Question Six (13 Marks)

a) If f and g are continuous at xq, show that f. g is continuous at x. (7 Marks)

: : D 3
b) Lety = (x? + x3)e; + x;x%e,, x = (uy cosuy)e; + (u; sinuy)e,. Find the derivatives 51—1 and f.
1 2

(6 Marks)
Question Seven (13 Marks)
a) Find the following derivatives of f(x) = (xf + x3)g, + x,€*2g, + x,e*1 g5 at the point
Xo = €; — €.
a*f

i) Bt (3 Marks)
. a3f

ii) FEP (2 Marks)
iii) DZ .. f in the directions uy = (e; + €;) and vy = (€1 — 2e;). (4 Marks)

b) Show that the function f(x) = (e** cos x;)e; + (e** sin x;,)e; satisfies the conditions of

the inverse function theorem on E? but isnot 1 — 1 on E2. (4 Marks)
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